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Abstract

Bayesian causal forest is a presently widely used and
discussed approach in Bayesian causal inference. It is a
machine learning model used to find how much a treatment
or intervention affects different units using observational
data. It consists of a Bayesian additive regression trees
outcome regression with an estimated propensity score as
predictor, which leads to a product-BART Bayesian
framework. We derive posterior contraction rate for the
model, as well as most of proofs for the corresponding BCF
semiparametric Bernstein-von Mises theorem. We conclude
by discussing some open research directions.
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1 Introduction

Bayesian causal inference is an interesting and mportant
area of future development of both Bayesian and causal
methods and probability theory in general. One of most
common Bayesian priors for causal inference remains
Bayesian additive regression trees (BART, see Chipman et al.,
2010). Theoretical properties of BART have been subject of
important recent research by Roc¢kova (Roc¢kova and van der
Pas, 2020; Jeong and Rockova, 2023). In her recent
contribution on the topic Jeong and Ro¢kova propose a new
class of sparse piecewise heterogeneous anisotropic Holder
functions and derive their minimax optimality properties,
which lead to BART posterior contraction rate. But, they do
not prove a Bernstein-von Mises theorem for BART. We
extend their work to Bayesian Causal Forests (BCF),
proposed by Hahn, Murray and Carvalho (Hahn et al., 2020).
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BCF is a modular Bayesian approach, based on regression
decomposition of Robinson into prognostic and treatment
effect part of the outcome regression specification, which
include propensity score parameter. In our article we extend
theoretical derivations of Rockova and van der Pas, and Jeong
and Rockova to accomodate for the modular and product-
space nature of BCF. Posterior contraction rate and most
proofs needed for semiparametric Bernstein-von Mises
theorem for the BCF approach are derived. Our article delves
into an important area of asymptotics for Bayesian
nonparametric priors for causality, and we discuss also
extensions to other BNP approaches for causality outside of
the BART framework.

2 Derivation of posterior contraction rate for
BCF

The BART prior is the hierarchical prior used in Bayesian
Additive Regression Trees to regularize the ensemble of
trees. It places priors on the tree structures; the terminal
node (i.e. leaf) parameters; and the error variance.

Let the regression function be represented as a sum of m
trees: Yi = f(.’E7) + Ei7Where f(l.) = Z;r;l (J(:L7 ij? J\/lj)
T; M;j = pj, .-, b,

are the terminal-node values, g(z; Tj’ Mj) maps  to the
leaf value corresponding to its terminal node, and

g N(O,O‘2)_

is the structure of the J-th tree,

The prior encourages small trees. For a node at depth d, the
probability it is split is P(Spht at depth d) = a(l + d)_ﬁ

where typically & = 0.95,8 =2 Given that a node
splits, the splitting variable is chosen uniformly and the split
point is chosen uniformly among available cutpoints. Thus,
(1) = [,ezery a1 + d,)~"? Lecml—all+ dy)™# x p(split rules)
where Z(T) are internal nodes and E(T) are terminal

nodes. If tree | has bj terminal nodes,

Lid.
Mj = pj1, - b, gen Hik = ~ N(0,7%),

The full BART prior can be summarized in five parts:

1) Yi | f70'2 NN(f(IZ),O'Q)
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2) f(z) = Zj:l g(x; Ty, Mj)

3L ~p(T)

i.i.d.
ay Kk~ N(0,7)

2 v vA
50 ~ Inverse-Gamma(s, %)
The defining characteristic of the BART prior is the

combination of a depth-penalizing prior on tree structures,

Gaussian shrinkage on leaf values scaled by 1/\/m, and a
prior on the residual variance. This induces strong prior
toward many shallow, weak trees, with the sum flexibly
approximating complex nonlinear regression functions.

Theorem of Rockova and van der Pas proves posterior
contraction for BART. Assume

Yi = fo(xi) + i85 ~ N(ngz),where x; € [0’ 1]p )

a P
fO eC ([Ov 1] ) and only q variables are relevant. Then
under a suitably regularized BART prior,

([ f = foln > Mep [ Y) =0

en = n~ o/ Rotd) (log n)¢ The proof is an application
of the general Bayesian posterior contraction theorem. One
must verify three ingredients (see van der Vaart and van
Zanten, 2008): existence of exponentially consistent tests;

where

sufficient prior mass near fO; and exponentially small prior
mass outside an appropriate sieve.

Bayesian causal forest (BCF) model developed in 2020 in a
Bayesian Analysis article by Hahn, Murray and Carvalho is an
extension of BART by including estimate of the propensity
score in the outcome regression equation. It writes
Yi = pw(Xi,8:) + 7(Xi)Wi +ei,6i ~ N(0,0%)  Where

M~ HH? 7~ 1Ilr are independent BART priors. The
target is Yo = Epy [T0o(X)].

BCF are not a single BART prior but a joint prior on two
regression functions with different roles:

Yy = (X, ) + Zim(Xs) + € where ()1 s

the prognostic function, T() is the treatment effect function,
each is given an independent BART prior and 7 is an
estimated propensity score included as a covariate.
Consequently, a Bernstein-von Mises (BvM) theorem for BCF
is fundamentally a semiparametric BvM problem with
nuisance functions, rather than simply a BvM theorem for
BART. Semiparametric Bernstein-von Mises theorems have
been proposed in research works from 2012-2014 by Ismael
Castillo and Richard Nickl (see Castillo and Nickl, 2014) who
proposed two broad solutions to develop them for general
nonparmetric stituations.

Coherent proof strategy to develop a semiparametric
Bernstein-von Mises theorem for BCF consists of six parts: 1)
Extend the Rockova-van der Pas posterior contraction

theory to the product BART prior HM ® HT; 2) Establish
LAN for the joint likelihood in the directions (hl“ hT); 3)
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Characterize the nuisance tangent space associated with
$\mu$ and derive the efficient influence function for the
target functional of 7; 4) Prove a no-bias condition using the
posterior contraction rates for both BART components; 5)
Linearize the target functional and show the remainder is

—1/2
Op(n ); 6) Apply a semiparametric BvM theorem (in

the spirit of results by van der Vaart, Rousseau, and Kleijn,
see van der Vaart and van Zanten, 2008; Rousseau, 2010;
Kleijn, 2021) to conclude asymptotic normality of the
posterior for the treatment effect functional.

The main idea for the proof is that you are not proving a new
contraction theorem for one BART prior, but for the product

prior II = HM ® HT

F = -7:# . ‘FT. The proof follows the same high-level
structure as the single-BART case, but ingredients must be
lifted to a product of function spaces.

on the product space

Our main theorem is (Product BART contraction):

Assume Yi = po(Xi) + ZiTo(Xi) +&i | with
€ N(0702),whereZi €0,1 .
Mo € Ca”ﬂ_o e Cor , and H:HH®HT is the

independent product of two regularized BART priors.
Assume overlap

0<C<P(Z:1’X:$) <l-c for some c>0.
Then H(d((u77-)7 (MO:TO)) > Mey, ’ Y) — 0

Suppose

d? = | — poln® + |7 — oIn?

where and

€2 =eu,n®+em,n? i

gu’n — nfau/(Qa#+d) (log n)cu and
_ o —ar/(2ar+d .

Erpn=n"% /(2a )(IOg n)° Consequently,

Ep = O(maX(fu,n7 57’»”)).

Complete proof exceeds length of this article and is accessible
as a separate document. Above theorem proves that
posterior contraction rate for BCF is of order of maximum of
standard errors of treatment and intervention parts of the
BCF regression equation. Additionally to the above,
information operator coercivity proof is a special part not
usual for such theorems in Bayesian asymptotics.

Strategy to derive the proof can be described shortly as
follows. Firstly, we prove product approximation, product
prior mass, product entropy, product sieve, and joint testing
theorems which extend BART to a product-BART situation.
This included specially considering and addressing problems
of Kullback-Leibler (KL) likelihood geometry,
approximation, prior concentration, entropy, sieve
probability, testing, KL neighbourhoods, and metric
equivalence. For the latter, we proved coercivity estimate by
proving that information matrix is uniformly positive
definite, and that its eigenvalues are bounded below.

3 Path to semiparametric BvM theorem for
BCF
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At this point, complete semiparametric Bernstein-von Mises
theorem remains subject to our next work, as some part
demand additional proofs and verifications. But we are able
to prove some of its important parts.

Theorem (Conditional LAN Expansion over Product-BART
Neighborhoods):
iid

Y, = [L(Xz) + ZZT(X1> +&;,&; (0,0'2> )
with true functions (£0; T0) . Define
f(z,2) = p(x) + ZT(x), and
fo(z, z) = po(z) + z10(x)
|f — foln < Me, , where

_ n—a/Ra+p k
en =n"( )(IOgn) Assume additionally
product-BART posterior contracts uniformly over this
neighborhood; tree depth is uniformly bounded by

D,, = o(log n); leaf values satisfy SUPz ’f<x>‘ < C;
1xTx - E.

the empirical design satisfies n

Consider

Suppose

Then
SUP| £ fo|, <Me,, Ca(f) = La(fo) y/n, Wi (h) + %”W"Q =op(1)
, where h = f - fO and

Wi(h) = ﬁ dli= 1n5ih(Xi7Zi).

Under

Theorem  (Prior Least-Favorable

Perturbations):

Stability

Let/ = (1, 7) have an independent Product-BART prior
IT= HH ® HT. Let "1 = (77“’ 777') denote the least-

favorable direction associated with the efficient influence

function. Define the shifted parameter
t
= —=nteR
ft f + \/577 . Suppose: posterior contraction
holds; tree depth satisfies D,, = o(logn) , leaf

parameters satisfy|wj‘ = C; every Product-BART density
is locally Lipschitz; perturbations leave tree topology

unchanged with probability 1—o(1),
ari(fe) |
- o(1l
Then dI1(f) + ( ) uniformly over

|f - f0|n < MEn. This is the no-bias condition.

In order to finalize also the proof of Bernstein-von Mises
theorem, one needs the following:

- An inverse approximation inequality relating empirical Lo
and Lo errors for Product-BART function classes.

- High-probability bounds on the maximum diameter of
random Product-BART partition cells.

- A margin theorem for split stability, showing that scale
perturbations do not alter selected partitions.

- A proof that the effective number of leaves grows slow
enough under the Product-BART prior.
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- Uniform versions of these bounds over the posterior
contraction neighborhood.

This forms a still missing final roadmap toward a complete
semiparametric Bernstein-von Mises theorem for Bayesian
Causal Forests.

4 Discussion and open problems

Our article derives posterior contraction rate for Bayesian
causal forests which has not been derived thus far. It also
derives most parts in order to prove the semiparametric
Bernstein-von Mises theorem for BCF. Analysis takes part
using product-BART structure of the Bayesian causal forests
regression problem.

Our proof derivation opens several interesting research
directions of future work. Firstly, one is now able to prove
semiparametric BvM theorem for BART which previous
authors have not done. Next, additional usages of tools from
analysis, such as piecewise harmonic functions and
piecewise polyhedral multifunctions will probably help to
prove the final version of both the BvM theorem for BART
and BCF as well as their future extensions to Bayesian causal
models. Finally, analysis in our article will prove beneficial in
considering future needed extensions and development of
area of Bayesian causal inference where a most of the
research questions are still nonresponded.
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